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THEORETICAL RESEARCH REPRT 1/46

The Theary of Wedge Penetration at Obligus Incidence and its
applioation to the oaloulation of foroes on a yawed shot
{mpacting on armour plate at anyangle
by

R. Hill and E.H. Lee

Breanch far Theoretioal Researoh,
Fort Halstead, Kent.

Surmary

The forces on a eshot entering armowr plate, at any angle of
incidence and any angle of yaw, ars caloulated by an approximate
method. The spproximation ie based on the solution of the associsted

lastic problem of obliqus penetration by e wedge. Pull ectount is
taken of the formation of a ocoronet or lip, and of the resistance which
thia offers to the ahot.

A full numeriocal solution is given for a wedge of 30° semi-angle.
As the obliquity“incressee it is found that the rxial component of
resistanoe increases for the same projectile travel. The lateral
camponsnt, zero for narmal penetration, inoreeses rmore rapidly and
overtakes the axial ocoponent at just under 30° obliquity.
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1. Introduotion

The objeot of thie report is to attempt to oaloulate the faroes acting
over the noee of a projeotils as it entere ite target. An accurats lmowlsdge
of theee foroes would be valuabls for many purpoees: far exsmple, the
dstermination of decelerations foar fuse deeign; the oaloulation of the turn
of a ehot on impact; and the more complete understanding of the ehatter
phenomenon. 5T iad

We ohall eveluate an approximation to the foroes on a shot entering a
plats at any angls of incidence and with any amount of yaw, by eclving the
associated problem of the penstration of a wedge. It i3 assumed that the
deforuwation is duotile while the noss is entering and that the plete is
suffioiently thiok for no beck bulge to be formed during this stage of the
penetration. It ie neceessry, in a preliminary investigation of a subject
of euch complexity, to limdt the problem to finding the statioc foroes on the
ehot, oorresponding to etatio punohing at any angle of attack snd orientation.
That this ie not s serious limitstion on the utility of the results over a
oonsiderabls velocity rangs ie shown by the oloee correlstion found by
Dr. Bainee between static punching tests and the sotual firing reeults in
partial penetration at nawmal incidence.

It is of oourse trus that the proportional ocontribution to ths re-
sistancs by the forces due to the inertia of the plste material is greatest
in the initial stagss of penetration, snd that thie inoreasse with striking
velocity, resulting in eet-up and finally shatter. But even in those ocases
when the inartisl foroes are too great to be ignored in determining the
sbsolute megnitude of the foroee on the ehot, yet a oomparison of ststio
forces far differant angles of attack is still useful. For it is well known
that the effeot of inareasing the obliquity is markedly to decrease the
ehatter veloocity. The inference would seem to be that, in angle attack, the
static faroces by themselves are tending to Wring the shot nearer to the
point of rupture, so that a smaller inertial foroe or striking velooity
suffices to ring the etrsss in the noee to the critical ruptwe velus.

If the shot were not sufficiently hardened, thas statio forves alone would
preeumably be enough to reak the head.

It will also be of grsst interest to oorrelate the csloulations with
experimental vsluee found frou stetio punohing at oblique incidence. It
is understood that Dr. Belnes ie developing the teohnique for such test:

2. Wedge penetration with completely plastio ocaronet

At the present etags of dsvelopment of the theory of plastioity it is
otill necessary, in order to get solution, to reducs a oomplex }-dimension-
al problem to one of plane atress or strain. Far this reason we consider
penetration o eeni-infinite medium by a long wedge. This is s plane
2-dimens {onal problem in which there is no displacement in s directior
perpendicular to the plane i.e., in the direotion along the length of the
wedge Though thie spparently represents a rather severe ideelisation of
actual 1ditions, it ehould be noted that the magnitudes of the resisting
pressuras on —dimensional wedge and on a 3-dimensional cone are roughly
the eame at normal incidence (Ref. 1). This holds good with the exception
of long thin heade or very blunt ones, neither of whioh are cases of
practical importence in attack of thick armour. koreover the mechanisn
of penetretion is the same in both cases: that of pushing the plate material
aside and upwarde




)

For added simplicity the wedgs is .taken to havs straight sides, which
provides a satisfaotory apmroximation for any pointed head shape during the
initial stages of penstra&fion, so that, provided ths plsts is suffioisntly
thiok, the configwration is alweys similar at any depth of penetration.

In Pig.1 the wedgs is constrained by applied external foross to move along
the straight line (P, the direction of penstration. 6 4is the angle between
(P snd the nartwl ON to the targst surface. FPor oomperison with sotual
firings 6 oan be taksn to be the angls of attack since we ars ocalailsting
the farcee in ths first stages of entry, befors the plsts resistance has
ovsroons the inertis of the shot to produce any substantial turning. The
axis of symmetry OA of the wedge (in the plans of the naver) is monzi=ained
to lis at a fixed angls of ysw ¢ with the dirsotion of motion (P. ¢ if
positive of OA has rotstsd through an sntiolookwiss angls from P 4.s.,
away from the sids of the wedge nearsst to the target surfsos.*

The theory of wedge penstration at normel incidence without yvew o
worked out in Ref.1 by the present authore. As we are primarily concerns
in this report with practioal applicatione, we shall derive the require
equations very Ixriefly. Apart from one new festure, which will be
described fully in the Appsndix, the method of derivation ie exactly the
same, snd if further detsils are required the first repart should be
consulted.

Then the angle of incidence O is not too grent (this will be made
Tre procise in Section 3), the 1lip or coronet of the displaced iwnteriel

® It is aesumed that [e| « A& s0 that the wedge rmkee contnct with the
terget on both sides. It is perfectly eney to consiler the oase of
f>ﬂ¥ut this is of little prscticsl signifiocance.

2




e n Pg.2. Lnterial
ing; and the iiaplece-

g2

oth displ e murfaces e etreight and BD = OB -F;B, B oC = h&‘.
1r~the wedge angle 18 28 and the yaw is ¢, then angle - § - ¢ angle
POC g3+¢ . The configuration remains simdler as the penetrstion
OF = k increasea. Materiel initislly lying to the right of P is dis-
Jlaced into the right-hand coronet, and sinoe the materiel is considered
{noourreseible® area D = area OFG; similarly area CHE = 8rss oM.
The angles OID, ock are in general du‘fcronv using the same notation as
in Ref.1. we wmite OOD = %, + 0y, OEB= e o+ /L.

' ]

Then for the right-hand 1ip (k1) of Ref.1 beoomes
h, cos (pe0-¢) -koos B« by ain (A + 6-¢" ag) ceeeree (2.1)
(4.3) of Ref.1 baoomes

hg oos ag ° * k[un(ﬁ-c) + cos (B-¢- En)] e Y

Kiminating hR/k 1=

oos (28 + 6 -2¢° ag) = #ind ¢ ooa 8 008 AR PRy e 55
pAASRARAEESe
4 + sinap
» Elastio strains are neglscted in comperison with plastio strains sinoe
the meterial is free to flow out at the surfros.




5 € e 1 d a betituting W
larl n the left-hand eide:-

Fee-H, -~ g 8in (B -0B+¢ -
08 \p + €= ap,

8 +

“e forces on the wedze consist of a unif naual preesurs 2x(1 + ap)
lon 5 T rmal essure . x(1 + @, along, OC. « is equal to
Ay tere the yield stre the target uaterial X There ie mo
frictional force slong the sidee of the wedge since we are assuming perfeot
lulxriontion: it is generally oonceded that friction ie negligible in dynamdo
firings, and steps are taken to eliminate it in stat wunching.

Pig.h.

The forces exertsd on the wedge by the targst material are therefore
equivalent to two faroes Fr, P, (per unit length of wedge ncrmal to the
plane of the paper) acting perpendiculérly to the eidse at distanoces
'3% , h]& from O. (Pig.3a). We have

Pp=2chy (1 +ag); P = 2xb (1 +ag) ceeeve. (2.7)

The resultent of thsee two forocee interescte the axis of syumetry QA at
A (say), distance 4 from O. (Pig.3b). It is convenient to rseclve the

\ ®» Wark-hardening h.mghatod. The rste of work-hardening is comparatively
soall for armour stesl, but in any oase x oan be rsgarded as a mean flow
strasss to be determined by etatic punching sxperimenta.

L.




late the corponent forces N, S in directions
tangential to the 1 plane swface (Fig.3c). These are

inching to keep

The forces neele
are zmly the reverse

it moving, along OF, and at t iv yaw,
f the force syster nsidere bove.

It is oonvenient to express the res.stan ressure by dividing
the forcea per unit wedge-iength A (Fip.2), which represents the
Aiameter of the conpression reasured in t lane of the xiginal surfroce.
g imple geometry

D k\,,:rLt 1 (B +0-¢) tnn\ﬁ-e*e)] veie (2210)

lefined in this way are independent of ths depth of penetrs-
tion and will be reprsssnted by small letters (e.g. fp, fp, n, 3). The
frequently used analogue in 3—dimensions ie Paroe/(Arsa o'; imression in
original surfaos). As remarked previously the corresponding pressures in
2 or 3 dimensions are found to be roughly equal st narmel incidence.
Whether thie is trus at oblique incidence, as eeems likely, must be

decided by experiment.

Tt should be notioced that a hole of given shape and orientation below
the original ewrfsce may be produced in many ways. Poar example the hole
made by an unyawed 30° semi-engle wadge striking at O° 1e the same bslow
the surface as thst made by the same wedge striking at 6 with & positive
ysw, The oaronets and pressuree are however differsnt. In gensral the
same shaps of hole below the ariginal surface ie produced when o - ¢ is

constant (for a given £ ).
3. Left-hand Caronet not complately plastic

Ths pressures

It is now neceeeary to look more olosely.into the etrese distribution
in the left-hand carqnet in Pig.2 i.e. the coromet on the side of the
wedge furtheet away from the original target surface. It was shown in
Ref.1. that when ay, >0 and the ooronet le Sompletely plastic, the field
of elip-lines (or directions of maxiram shear etrsss) takee the form ehown

in Mg.h.a.




It nsist T t nter
lip-lines (ehown dotte re
ar free surface in 7/, nd a
ooncentrio circular ar et
where oconstant and ejual I3

It will be eeen that limdy i
oondition that angle E hould
aj, »0. The aritio g tior
fourd from (2.6) t

If, for exarple, we take ¢= O, then for Sa 30° the critioal 6 1
For greater obliquities than this the above type of eolution is i
o such restriction ocours with the coronet on the right-han) or r
of the wedge: the ococronet is always ooupletely plastic.

When the relation (3.2) is not satiafied the left-hand coronst is
elastic, the plastio strains cocurring »s mat-rial arosses the line (B
into the ooronet (Pigiib). The plastic regicn is in fact looalised in the
line (B and materisl beoomqe strees-released on entering CGEC. This rather
strange solution is dde to our neglect of elastic strains whenever the
plastio streins are lerge in ocomparison. In a completely aocurete eolution
thers would -be & plastio region.below (B in-whioh plastioc am) elsstic strains
would be mostly of the same order, and in this region the large sheer strain
would take place gradually, becoming increeaingly severe as (E is approaohed.
The final state of stress and strain on (8 would howsver differ little from
the pressnt solution (the differences being of order Y/x in covparison;
L Ymmg s Modulus, Y = yleld stress).

® When §= 0, 7/, the critical values of & ere (o] uﬂ 63° 26' respectively
for zero yaw.

6.




Beoause of the impossidility of £inding the elastio etreee distribution
in GEC anelytiocally we can only evaluate the resultsnt force ow the wedge t
face OC and its poipt of spplioation J.

The equilidrium equation in direction OC is automatioally satiefied
i1f we take the naruml preeswre = x ot CE, ainoe there ie no tangentisl
faroe along (C, nar any faroes on the fred eurface EC. g

Resolving perpendiocularly to OC for the foroee acting on region CEC,
and taXifiz moments about O, we £ind the foroe on the left-hand face of the
wedgs to be

B, = 2«h . (3.3)

: . ¥ . k o0e0 vons K30
wher e or WZ R T g E T L (3\‘0)

This relation is provad in the Appsndix, where it is 2lso ehown that sngle
PCO = 'A, ar

@ . k{m('a.c) A oo.(ﬁot)}

The equations (2.8), (2.9), (2.10) hold with the new definition of hyj
the equations involving hx, aR are of oourss unchanged.

be Numericel Example - Unyawed Wedpe etriking at various obliguities

Por definiteness let us take a wedge of 60° total angle (£ = 3P), and
examine the foroes on the wedge for' several anglss of incidenoe, taking the
yaw t0 be zero. Froo (3.1) the critical angle of incidence ie 15°. Par
emaller anglee than this the squations of Section 3 are valid; for greater
angles the equatione of Section 4 must be applied to the left-hand oaronet.

To begin with we caloulate ap from (2.3), with g a 3°, ¢= 0°, for
8 = 0P, 10°, 20°, 300, 40P, 5C°." (When 8>6Q° the wedge fails to bits imto
the surface). Since # coours only on the lsft-hand side of (2.3), s
convenient way of solving the equation is to take ap es independent
veriable and plot the graph of # against ag for ssoh value of 0." The
valus of ap corresponding to S = 30° is then read from the grsph. ha/i‘ 1e
then found grom (2.2).

Far 9a 0°, 10%ea eimilar frocedure is used to osloulate r, hL/k from
(2.6) and (2.5). Por the higher obliquities hla/]( is found immediatsly from
(3.3). We can then ocollect the resulte in Tsble I. Pig.(6) at the snd of
the report shows the coronets far 8= 0°, 209, and 40° far the same depths
of penetration namal to the target surface., For couperison for the same
x, eceling-down is required for 8a 20°, 4O° in the ratioe se020° = 1,064,
eec 40P = 1,305 respeoctively.

Tsble 1
& ap® L% L

0 16.5 1.536 1.536
10 6.0 1.5 1,421
20 - 1.953 1.158
30 - 2,335 0.866
LO - 5 3.085 0.661
50 . - §.220 0.501

» Note that when doing this only values of A » 6 give real —v'nluas of 8.
When 8-<0, ap-<9.




Prom (2.7) and Teble I Fp can be ocalouleted; P‘:Civ: found from (2.7)
for 9 = , 10°, and from (3.4) for 6 = 20°, 30°, L, 50°. We divide
theee by D (2.11) to obtain ths quantitiee fR, fy. These valuee, together
with '/i from (2.9) are ehown in Table II.

Tabls 11

‘/{( j/n( :R/Z:( fL/z'(

1 0.887 1.7 1.7
1 1.254 2550 11.52
1 1.371 2.6 .9
4t 1.552 2.9 0.5
1 1.93 3.33 0.3
3 3.130 3,6 .15

It will be ecen thet d ie grenter than k for all except small
liquities end that 3/k incressee rapidly at large obliquities. The
reason ie clear fro onsideration of hR/k in Table I and Pig.(6): the
right -hand caronet ie onteot with the wedge over a length large com-

arel with the depth of penetration.

Pror .8), (2.10) x‘A*F'/u, f:-ET/D,na /D, & = /D are now
lculated. (Tmble III). For ductile armour eteel, B.H.N. 230 - 260, an
wverege vhilus of the flow strese Y ie 50 tn/in. and s0 2« = 57.7 tn/in.z.

Thus at narmal incidenoce 5 = 99 try in.2, This entry resistive [reecure
ver the eurface irmmreeeion should be cotpared with statioc resistenocee of
ver 200 tn/in.2. for deep penetratione when the heald and bourrelet are
woll in the target (Ref.2)

Table TII
Y2 °/2x

1.7 C.00
1.85 C.k2
2.15 0.7t
2.58 0.91
3.07 0.81
3.4E 0.48

It is clear from thie Table that an empirical theory, in which:the actual
mressure dietribution is replaced by an equivalent mean hydrostatioc
freeosure acting over the part of the wedge below the original swfaoce,
would be unsatisfectary in calculetions involving both foroe components.
For the resulting farce cn the projectile would then oomsist of e namal
ressure over the segment of the ariginal surface intersected by the wedge.
The ehear oomponent s in Teble III would be zero, involving oconsidereble
error. Moreover e eimple theory of this type would also be inadequate in
determining the nosition of the point A, a knowledge of which i{s neocessary
when teking moments. This is due to an underestimate of the length of
contact between the wedge and right-hand oaronet. It should, perhaps, be
pointed out that the difference in the preesure on the two facee of the
wedge which is reeponsible for thie large difference may be less for a
projectils than for the wedge solution of this report. PFreedom for plastic
flow round the projectile would tend tc equalise this tressure difference.

8.




It {e¢ interesting to oaloulete the wark done 4in meking the hole.
Sinoe we are not adlowing turning of the shot, the transverse force
oaponent Pp dose no wark when ¢ e 0, the whole wark being done by the
axinl oomponent FA. Since f, is independent of penetration, the wor
done per unit length of wedge fe¢ W « Afy €60 ‘@ where A = ares of hole
below the original surface = 7.D.k cos 8 . The work per’umit volume
of hole iam fy sec O . From Table IIT for a 60° wedge we eee that thie
incresses steadily from 3.42 x when 8s 0° to 5.82 x when 8e 50°; o,
taking Y s 50 trx/an, from 99 tn/in? to 168 tn/in2. If we conpars the
wark axpended in penetrsting to s given vertical depth kowe 8 far
various obliquities, the increese is still greater ¢inoe the volune of
hole rapidly inareases with 0 .

Uhie mumeriosl example is sufficient to show the method. Other oerues
oan be trented 4in a eimilar way when ad hoc caloulations we oellel for.

; “Direction
£ ] _ e

e >enetration
-___}\\l‘

Line of large - 1
lastio strnins /%\\ "

a5 IR

then anjl > VAR ‘,.t‘ nit o ble to d eantisfuct

hich the corShet {s tvletely nlastic 14 we 'mst therel 1

lution in art of the coronet hes recovere? elssticilly after
oing severely wel. s solution is one in whi the ynet 3
i letoly elastic, the nlastic region being looalise: 1 the ‘ekip-linag

h rauat et the wedze in m/,. lony this line the shenrs A )

the direction rnm. Resolving in direction OC shows that the o3 ur
warmal to 08 (constint since Of is a straight slip-line) is e url to « .
esolving nerpendicularly to OC the resultant force Fy on th~ wedre io
# = Y2 x. (B, and by taking momente =hout O, tha ~oint of lication 13
t Jwhero ¥ . O “a k. %2, Wy gimme prouetry (projecting OF on
1line perper ul to ¥




X ooe (Be e+ Tf, - 8) K
PL = 2xhy where QJ hu/ nd

- k cos 8

08( 5 + ¢ - 0)-ein( -+ ¢~ B)

The stre on OC will be distributed c:ontinu,usly along OC in some way
which it is 45 sible to detsriine annlytically.

jinoe the caronet moves a: rigid body, with material contimually
1dded on the base (E, ite velocity i Y2 Vain 3+ €) in the lirection
E (V = wedge velocity in dirsotion PO). The terial below (E is
effectively rigid snd so there is s tangential disocontimuity in velocity
ecross (B which is permissible since OB i slip-line and therefore n
direction of x frmrt shear strain-rite.

The shape of BEJC has still to be det ned .‘rom the oondition that
s the penetration inareases EC noves parallel to itself at » rote such
that the configuration remeins similar. In the wording of %af, {1 ail poante
in CEC have the snme focus, wh n tt it dingr with i n
a line through P parallel to the directi wtion CF end at stance
Y2 oin(5 ¢ ¢) from P. It i vious t this focus must be the tip C
of the ocoronet since elements on the sides BJ, JC remain there asnd move
steadily along these lines in the unit diagram. C is thus determined es
the point on the wedge euch that angle FCO = ¥/ . Ths final defarmetion
in the oocronet oan be obtained by simply shearihg triangle CBF int
triangle (BC.

It is ensily verified that angle (EC »7/, in this solution so long
s (3.2) 16 not satisfied. TWhen (3.2) is satisfied it would not be valid
to uss this type of solution in place of the plastio caronet salution of
Seotion 2, eince in such omses angls ONC <7/,. As discussed in detail in
Ref.3, beoause of the maxirmun shear etress x acting nlong EO, the elastic
lizdt would be exceedsd in the corner E and the eolution would treak down.
#hen (EC » %/, it 1s not poseible to assert definitely that the elastic
limdt ie not excesded, without a full elastic stress solution, but frow
qualitative arguments it seems likely that the coronet will in faot be
only elastioelly strsesed.
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